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An approximate relat ionship between the efficiency of a thin radiating bar  and the dimension-  
less thermal-conduct iv i ty  pa rame te r  is proposed.  The tempera ture  distribution over the bar  
length is obtained for  a wide range of values of this parameter .  

We shall consider  the efficiency and the tempera ture  distribution for thin bars  (fins) of constant c ross  
section and finite length, radiating into a medium at absolute zero tempera ture ;  there are no internal heat 
sources  and no incident radiation. A constant tempera ture  T o is maintained at one end of the bar ,  while the 
tempera ture  over a bar  c ross  section is also taken to be constant.  We neglect heat exchange at the second 
end. 

The bar  efficiency is defined as the rat io of the heat actually emitted to the heat that the bar  would 
supply if its entire sur face  were at the same tempera ture ,  equal to the tempera ture  T O of the base:  

Qo 
TI = aeuT~l  " (1) 

Many studies,  including [1, 2] have given graphical  relationships for determining the efficiency; here  
we propose an approximate analytic relat ionship.  

For  the given bar ,  the equation of the s teady-s ta te  heat-conduction process  has the form 

d*T__T = ae___uu T4" (2) 
dx ~ ~ f  

Introducing the dimensionless  t empera ture  0 = T /T  0 and the length X = x / l ,  we can wri te  (2) as 

d2---~0 = N0*, (3) 
dX ~ 

where 

is the bar  thermal-conduct iv i ty  pa ramete r ;  

The heat emitted by the bar  is found as 

Qo ---- - -  )~f  TO 
l 

aeu T3ol ~ 
N ~ -  ~f 

for a rectangular  fin, N = (r~T~/2/AS. 

(4) 

d01 (5) 
d X  Ix=o " 

Integrating,  we find 

d_O0 = _ ~/0.4N (05 - -  0~), (6) 
d X  

where 0 l = O I X =  1. Then from (1), (5), (6), and (4) we have 
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T A B L E  ! .  B a r  E f f i c i e n c y  and T e m p e r a t u r e  at End  fo r  V a r i o u s  
Va lues  of P a r a m e t e r  N 

Found byin~ From Eq. From Eq. I From Eq. From Eq. (20) 
tegration | (8) (!8) ] (I 9) 

0;03514 0 9834 0 9565'0 9588 
0,09762 0:95780:892310:8967 
0,2028 0,92240,8095!0,8146 
0,4804 0,8561!0,670710,6741 
0,9849 0 , 780710 , 5370 0,5375 
2,278 0,6775!0,38800,3865 
4,017 0,603810,30260,3010 
4,806 O, 580610,2788[0,2772 
6,797 0,5362]0,2372[0,2358 
9,462 {0,4950 0,202510,2014 

0 4392 0,1612,0,1604 
15,14 0 4058 0, 1394 0, I388 20,37 

0,24 0,9833'--0,01 '0,9834 
0,49 0,9573 --0, 05 0,9,577] 
0 631o, 92,21-0,13 o, 92221 
0151 0,8540'- 0,25 0,8558' 
O, 09[0,7801 I--0,08 0,7799 I 

--0,390,68371 0,920,67171 
--0,53!0,6186 i 2,450,5897 I 
--0,57 0,,5985[ 3,08 O, 5627 i 
-0,690,5610', 4,620 50981 
--0 540,5267 6,400 4588 
-o:5o]o,481o I 9,52 0,3871] 
--0,43]0,4539[ 11,85 O, 3433] 

0.6325 

N 

0 
--0,01 
--0,02 
-- 0,04 
--0,1 
--0,86 
--2,34 
--3,08 
-.4,92 
--7,31 
-- t i  ,86 
--15,40 

0,9833 
0,9575 
0,9217 
0,8549 
0,7800 
0,6777 
0,6041 
0,5806 
0,5354 
0,4928 
0,4341 
0,3986 

--0,01 
--0,03 
--0,08 
--0,14 
--0,09 

0,03 
0,05 
0 

- 0 ,  15 
--0,44 
--1,16 
--1.77 

(7) 

The relationship between the dimensionless temperature 01 at the end and the parameter N is found 
in [I, 2] by numerical integration; graphical relationships are then given for the efficiency as a function of 

N. 

H e r e  we p r o p o s e  an a n a l y t i c  r e l a t i o n s h i p  fo r  ~ = f(N), ob t a ined  by t r i a l  and e r r o r .  It t akes  the fo rm 

0.6325 1 
n -- (8) 

~, N + 0 . 4  ~ / 2 . 5 N +  1 

and p r o v i d e s  su f f i c i en t  a c c u r a c y  fo r  e n g i n e e r i n g  p u r p o s e s ,  w h a t e v e r  the va lue  of N. T a b l e  1 shows  ~ fo r  
the N = 0-20  r a n g e ;  the va lues  w e r e  found f r o m  Eq.  (8). F o r  c o m p a r i s o n ,  we have  a l so  shown ~? as  found 
f r o m  Eq.  (7), w h e r e  0 / w a s  found by  n u m e r i c a l  i n t e g r a t i o n  of (6) by  the m e t h o d  of [2]; the s u b s t i t u t i o n  y 
= 4"-~-/O l - 1  was  m a d e ,  wi th  i n t e g r a t i o n  s t e p  Ay = 0.02. T h e s e  va lues  a r e  in good a g r e e m e n t  with the cu rves  
of [1, 2]. T a b l e  1 a l so  shows the v a l u e s  of 0 I.  

As we s e e ,  the r e s u l t s  o b t a i n e d  by m e a n s  of Eq.  (8) d i f f e r  f r o m  those  found by  i n t e g r a t i o n  by no m o r e  
than 1%. When N >- 10, we can  use  the s i m p l e r  f o r m u l a  

0.6325 
-- V N (9) 

The  p r o p o s e d  r e l a t i o n s h i p  (8) can  be  u s e d  to ob ta in  a p p r o x i m a t e  a n a l y t i c  e x p r e s s i o n s  f o r  the hea t  f lux 
in any b a r  c r o s s  s e c t i o n ,  and fo r  the t e m p e r a t u r e  d i s t r i b u t i o n  o v e r  the b a r  length  fo r  a wide  r a n g e  of va lue s  
of N. 

F r o m  (1) and (8), the hea t  f lux th rough  the b a s e  of the b a r  is  

oeul T 4 (10) 
Qo - V ~ Z ~  + 1 

The hea t  f lux th rough  a b a r  c r o s s  s e c t i o n ,  a d i s t a n c e  x f r o m  the b a s e  is  

Q~ = (~eul(1 - -  X) Toe0 4 (11) 

1 2,5N (1 - -  X)~ 0~+ 1 

(12) 

(13) 

(14) 

On the o t h e r  hand ,  wi th  a l l o w a n c e  fo r  (6), 

T_ 
0,4N (05- -  e~) ' 

Equa t ing  the r i gh t  s i d e s  of (11) and (12), a f t e r  c e r t a i n  a l g e b r a i c  m a n i p u l a t i o n s  we obta in  

0 5 - 01 = 2 . 5 N  (1 - x ) ~  0~o~. 

A f t e r  s u b s t i t u t i o n  of (13) into (6) we have  

dO N (1 --X) 03/201/2. 
dX 
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N=0,4804 
0,4668 

N:2,278 

N=4,806 

N=6,797 

N=9,462 

N=15,14 

N=20,37 

~0,, % 

X 
ol 
o 

~,0, % 

X 
tq 
0 

~0, % 

X 
oi 
0 

~0, % 

X 
01 
0 

~o, % 

x 
ol 
o 

?,o, % 

X 
O1 
0 

~o, % 

0 
1,000 
0,9994 

--0,06 

0 
1,000 
1,001 
0,10 

0 
1,000 
0,9929 

--0,71 

0 
1,000 
0,9796 

--2,04 

O 
1,000 
0,9589 

--4,11 

0 
1,000 
0,9102 

--8,98 

0 
1,O00 
0,8682 

-13,18 

0,08857 
0,9733 
0,9725 
0,08 

0,08901 
0,9296 
0,9317 
0,23 

0,06213 
0,9246 
0,9233 
0,14 

0,08136 
0,8880 
0,8780 
1,13 

0,04449! 
0,9232 
0,8963j 
2,91 

0,053851 
0,8872 I 
0,83031 
�9 

0,02954[ 
0,9240 I 
0,8220 
11,04 

0,1797 
0,949~ 
0,9485 

--0,11 

0,238( 
0,8401 
0,841~ 
0,21 

0,1321 
0,857s 
0,857~ 
0,09 

0,213~ 
0,762~ 
0,761( 

--0,24 

0,112( 
0,819~ 
0,816~ 

--0,35 

0,119( 
0,7871 
0,751~ 

--4,48 

0,0818~ 
0,8198 
0,7517 

-8,31 

Note: 0~ determined by integration, 0 found from Eq. (17). 

TABLE 2. T e m p e r a t u r e  D i s t r i b u t i o n  Over  Bar  Length for  Var ious  
Values  of P a r a m e t e r  N 

0,6670 1,0000 
0 8540 
018549 
3,1 

1,000 
?,6775 
3,6777 
3,03 

1,000 
3,5806 
3,5806 

1,000 
3,5362 
3,5354 
--0,15 

1,000 
3,4950 
3,4928 
--0,44 

1,000 
3,4392 
3,4341- 
--1,16 

1,000 
E), 405 
3, 3988 
--1,7 

Af te r  s e p a r a t i n g  v a r i a b l e s  and i n t e g r a t i n g ,  we have 

f (0) = 0 -1/2 -b 0.25N0~/2 (1 - -  X)  2 = C, 

c = [ (0)Ix=0 = [ (0)Ix=, =- 1 + O,25NO~t/z ---- OT ~/2. 

Then the t e m p e r a t u r e  in any b a r  c r o s s  s ec t ion  x is e x p r e s s e d  as 

1 
0 =  

[ 0}-~/2 _ 0.25N0~/~(1 --X)2] ~ " 

The value  of 01 can be found f rom (7) and (8): 

(15) 

(16) 

(17) 

1 ( is )  = 

0t 5V/ 2.5N + 1 

1 + 0,25N )2" 

�9 i 2.5N + 1 

On the o the r  hand ,  f rom (16) and (18) we obta in  

1 

0 t = (19) 

Tab le  1 shows r e s u l t s  ob ta ined  f rom (18) and (19); as we see ,  the two f o r m u l a s  y ie ld  good a g r e e m e n t  
with the r e s u l t s  of n u m e r i c a l  i n t eg ra t i on  for  the N = 0-2 r ange  (the d i s c r e p a n c y  does not exceed  1%). As N 
i n c r e a s e s ,  the a c c u r a c y  of the f o r m u l a s  d rops ;  Eq. (18) gives  va lues  of 0 l that a r e  too high,  and Eq. (19) 
g ives  r e s u l t s  that a re  too low. Over  a wide r ange  of N va l ue s ,  we obta in  good a g r e e m e n t  with the r e s u l t s  
of i n t e g r a t i o n  if we r e p r e s e n t  0 l as the a r i t h m e t i c  m e a n  of the va lues  y ie lded  by Eqs .  (18) and (19): 

/ tJ 0 l ~- 0.5 1 + 0.25N 2 �9 
2 . 5 N + I  1 +  ~ . 5 N + l  

As we see  f rom Tab le  1, the d i f f e r ence  be tween  the va lues  of 0 l as found f rom (20) and by i n t e g r a t i on  does 
not  exceed  1% over  the N = 0-10 r a n g e ,  and 2% over  the N = 10-20 r a n g e .  
for  d e t e r m i n a t i o n  of 0 l over  the N = 0-20 r ange .  

This  f o r m u l a  can be r e c o m m e n d e d  
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To f ind  the l i m i t s  of a p p l i c a b i l i t y  of Eq.  (17) we c a l c u l a t e d  the ac tua l  t e m p e r a t u r e  d i s t r i b u t i o n  o v e r  

the b a r  length  fo r  s e v e r a l  va lue s  of N. H e r e  we m a d e  use  of the O l - N  r e l a t i o n s h i p  ob t a ined  by  n u m e r i c a l  
i n t e g r a t i o n .  

F o r  any c r o s s  s e c t i o n  x a long the b a r  l ength ,  the t h e r m a l - c o n d u c t i v i t y  p a r a m e t e r  fo r  the b a r  s e c t i o n  
l - x  can be  r e p r e s e n t e d  as  

N~ = N(1 - -X)203,  (21) 

whi le  the d i m e n s i o n l e s s  t e m p e r a t u r e  of the b a r  end,  r e p r e s e n t e d  in t e r m s  of the t e m p e r a t u r e  at the c r o s s  
s e c t i o n  x,  Olx = T / / T x ,  w i l l  be  a func t ion  of N x. The t e m p e r a t u r e  at s e c t i o n  x is found as 

0 - -  Ot 
Ol x �9 (2 2) 

F r o m  the va lue  found fo r  0 and Eq.  (20), we can  d e t e r m i n e  the c o r r e s p o n d i n g  va lue  of X. Thus s p e c i f y i n g  
a va lue  fo r  0, fo r  any va lue  of the t h e r m a l - c o n d u c t i v i t y  p a r a m e t e r  we can s u c c e s s i v e l y  d e t e r m i n e  Olx , Nx, 
X. 

T a b l e  2 shows  the r e s u l t s  of t he se  c o m p u t a t i o n s ;  we have  a l so  g iven  the v a l u e s  of 0 found f r o m  Eq.  
(17); the va lue  of 0 l was found in a c c o r d a n c e  wi th  (20). 

As we s e e  f r o m  T a b l e  2, in the 0-5  r a n g e  of N v a l u e s ,  the d i f f e r e n c e  be tw e e n  the r e s u l t s  fom~d f r o m  
(17) and those  o b t a i n e d  by i n t e g r a t i o n  does  not e x c e e d  1%; as  N i n c r e a s e s  f u r t h e r ,  Eq.  (17) g ives  va lue s  of 
O! that  a r e  too low; when N = 10, the d i f f e r e n c e  r e a c h e s  5% fo r  s m a l l  v a l u e s  of X. R e s u l t s  ob t a ined  f rom 
(17) a r e  a l so  in goad  a g r e e m e n t  wi th  the t e m p e r a t u r e - d i s t r i b u t i o n  c u r v e s  fo r  f ins  wi th  N = 0.5 and N = 2 
[1]. F o r m u l a  (17) can be r e c o m m e n d e d  fo r  d e t e r m i n a t i o n  of the t e m p e r a t u r e  d i s t r i b u t i o n  o v e r  the length  
of a b a r  fo r  N = 0-5  th roughout  the e n t i r e  r a n g e  of X,  and fo r  b a r s  with N = 5-10  fo r  X ~ 0.1. 

We can  use  (14) and (17) to ob ta in  a n o t h e r  e x p r e s s i o n  f o r  the hea t  f lux in any b a r  c r o s s  s e c t i o n :  

)~/roN (t - -  X) O~/2 (23) 
Qx ~ r --i /2 $,/2 

[0t ' - -0.25N0 l (l--X)2] 3" 

The  l i m i t s  of a p p l i c a b i l i t y  of this  f o r m u l a  a r e  the s a m e  as fo r  (17). 

Thus we can use  the p r o p o s e d  a n a l y t i c  r e l a t i o n s h i p  (8) not  only  to d e t e r m i n e  the e f f i c i e n c y  of a thin 
r a d i a t i n g  b a r  fo r  any va lue  of N, but  a l so  to d e r i v e  a p p r o x i m a t e  e x p r e s s i o n s  fo r  the h e a t - f h t x  and t e m p e r a -  
t u r e  d i s t r i b u t i o n s  a long the b a r :  (11), (17)-(20) ,  (22), o v e r  a f a i r l y  wide  r a n g e  of v a r i a t i o n  in N, e n c o m p a s -  
s i ng  m o s t  of the c a s e s  found in p r a c t i c e .  Equa t ion  (8) can a l so  be  u sed  to o p t i m i z e  r a d i a t i n g  s y s t e m s .  

N O T A T I O N  

Q is the heat flux; 
T is the temperature; 
~r is the S t e f a n - B o i t z m a n n  cons t an t ;  

is the e m i s s i v i t y ;  
)t is the t h e r m a l  conduc t i v i t y ;  
u is  the p e r i m e t e r ;  
f is the b a r  c r o s s  s e c t i o n ;  
26 is the t h i c k n e s s  of a r e c t a n g u l a r  fin; 

is  the e f f i c i e n c y  of the b a r  o r  f in;  
x is  the c o o r d i n a t e ;  
l is the length  of the b a r  o r  f in;  
N = aeuT~/~ /2 t f  is  the d i m e n s i o n l e s s  t h e r m a l - c o n d u c t i v i t y  p a r a m e t e r ;  
0 = T / T  0 is  the d i m e n s i o n l e s s  t e m p e r a t u r e ;  
X = x / l  is  the d i m e n s i o n l e s s  length .  

S u b s  c r i p t s  

0 r e f e r s  to p a r a m e t e r s  at  the beg inn ing  of the b a r ;  
l r e f e r s  to p a r a m e t e r s  at  the end of the b a r .  
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